Sheaf representations
It seems to me that Grothendieck's affine scheme associated with a commutative ring with unit was the motivating example for the developments that I was involved in. Whereas the developments mentioned in the previous section were driven by methodological needs of classical theories, the point of view of the community that emerged around 1965 was that of 'Representation of algebraic structures by sections in sheaves'. A typical theorem reads as follows Let A be an algebraic structure. There is a sheaf S of algebraic structures A x , x ∈ X, of the same type over a topological space X such that A is isomorphic to the algebra Γ(S) of all global sections (alternatively: all global sections with compact support).
The hope is that the stalks A x are of a simpler nature than A itself and that one will gain a better understanding of the structure of A by means of the structure of the stalks A x and the structure of the base space X. But in this community, there was no particular problem that urged the use of sheaves.
Sheaf representations of rings, the Zariski topology
At the beginning the efforts were concentrated on rings, mostly commutative rings with or without units. Later -with less success -non-commutative rings were attacked. The base space X was generally obtained as the space of all prime ideals with the Zariski topology or as a subspace thereof.
Personally I entered the world of sheaf representations after reading: This article is an improved version of Chapter III of the thesis above. It contains: -A general representation theorem, -Representation over the direct factor space, -Representation over the space of minimal irreducible ℓ-ideals, -Representation of quasi-regular and hyperarchimedean f-rings and ℓ-groups, -Representation over the maximal ℓ-ideal space, Dominated ℓ-ideals.
Some of the results of the article just indicated are reproduced in: 
Sheaf representations for universal algebra
The extension of the sheaf representation methods from rings to lattice-ordered structures lead me to generalize further and to publish a representation theorem for universal algebras, in particular, semigroups, based on a generalized Boolean lattice of commuting factor congruences: A student of mine wrote an interesting paper on sheaf representations of universal algebras in general (the title is misleading as it seems to point to classical algebras):
A. Wolf, Sheaf representations of arithmetical algebras, Memoirs Amer. Math. Soc. 148 (1974) , pp. 85-97.
In this paper a general setting is described that allows sheaf representations of universal algebras: The essential ingredient for a good sheaf representation is the existence of a distributive lattice of pairwise commuting congruences. It seems to be the first time that the Chinese Remainder Theorem is shown to be responsible for the patch property, which allows us to glue sections and which is essential for proving that the given algebra is represented by the algebra of ALL global sections (of compact support) of the associated sheaf. 
A Survey
The following survey contains the developments on sheaf representations described above in much more detail up to the year 1972 with a rich list of references: 
What do I mean by sheaf representation?
By a sheaf I here mean a local homeomorphism p: E → X of topological spaces. The stalks are the E x = p −1 (x); x ∈ X. The n-fold fibered product is the sheaf p (n) : E (n) → X, where E (n) = {(a 1 , . . . , a n ) | p(a 1 ) = . . . = p(a n )} with the subspace topology from E n . If Ω is a finitary signature, a sheaf of Ω-algebras is a sheaf p: E → X together with continuous maps ω: E (n) → E which respect fibers, where ω ∈ Ω is of arity n. This means in particular that the stalks E x are Ω-algebras.
For an Ω-algebra A, a sheaf representation is a an algebra isomorphism of A onto the algebra Γ(p) of all global (continuous) sections of a sheaf p: E → X of Ω-algebras.
In order to find a sheaf representation of an Ω-algebra A, one may proceed roughly as follows. One chooses a set X of congruence relations c x of A. One forms the disjoint union E of all the quotient algebras A x = A/c x , x ∈ X, together with the obvious projection p: E → X. For every a ∈ A let a: X → E be defined by a(x) = a mod c x . One then chooses a topology on X. 1) If for all a, b ∈ A, the 'equalizer' e(a, b) = {x ∈ X | (a, b) ∈ c x } is open, the we lift this topology up to E by declaring the sets a(e(b, c) ) to be open. We then have a sheaf of Ω-algebras p: E → X where the stalks are the quotients A/c x . The map a → a is an algebra homomorphisms of A into the algebra Γ(p) of all global sections. This map is injective iff the intersection of the congruence c x , x ∈ X, is the equality relation. But there is no general criterion for surjectivity. Surjectivity is the real challenge. The condition that the sets e(a, b) are open can be enforced by choosing on X the coarsest topology such that all the e(a, b) are open. For example the co-Zariski topology on the prime ideals of a commutative ring (commutative ℓ-group, commutative ℓ-ring) is such a topology.
2) In case that the equalizers e(a, b) are not always open, one can enforce this condition by 'localizing', that is, replacing c x by c x = U y∈U c y , where U ranges over all neighborhoods of x. This procedure is applied when considering the prime ideals of a commutative ring (commutative ℓ-group, commutative ℓ-ring) with the Zariski topology.
Zariski or Co-Zariski topology
As far as I know, until 1975, only the Zariski topology was used on the base spaces for the sheaf representations.
Why the Zariski topology? Firstly, the Zariski topology was used in algebraic topology. Secondly: If we start with the ring C(X) of continuous real-valued functions on a compact Hausdorff space X, then the topology of X is reproduced by the Zariski topology on the set of all maximal ideals. It does not matter whether one looks at C(X) as a ring or as a lattice-ordered group. See, for example: Another example is the ring direct sum i∈I K i of fields K i . The Zariski topology on the maximal ideals reproduces the discrete topology on I, the co-Zariski topology is the cofinite topology on I.
To the best of my knowledge, the use of the co-Zariski topology for sheaf representations first occurs in a paper by J. F. In the case of Boolean algebras of factor congruences the Zariski and the co-Zariski topology agree on the space of maximal ideals. So there is no difference between the two. But in other cases the Zariski topology seems to be the natural one. I would be interesting to hear arguments that for some purposes the co-Zariski topology is preferable.
Kennison's approach
Kennison has an approach that is different from others and I want to comment on it, as I understand it. (The reason is that it sheds light on the role of the co-Zariski topology for sheaf representations.) He considers the class A of all Ω-algebras or an equationally defined subclass thereof. In the class A he chooses a subclass Σ that is closed for subalgebras and ultraproducts.
Kennison asks the question: Which algebras in A allow a representation as algebras of all global section of a sheaf of Σ-algebras? His answer is: Precisely those algebras that are in the limit closure of Σ.
Actually I do not know whether this statement holds in general, since Kennison suppose that the algebras in A have a group operation among their operations. He determines this limit closure for some examples. 1) A is the class of all unital commutative rings R, Σ the subclass of integral domains. Then R is representable as the ring of all global sections of a sheaf of integral domains if and only if R has no nilpotent element AND satisfies a sequence of axioms (D n ). As a consequence, not every unital commutative ring without nilpotent element is isomorphic to the ring of global sections of the sheaf constructed canonically (as above) over the set of prime ideals with the co-Zariski topology.
2) A is the class of all unital commutative f-rings R, Σ the subclass of integral domains. Then R is representable as the ring of all global sections of a sheaf of integral domains if and only if R has no nilpotent element AND satisfies the axioms (D 1 ).
3) In those early papers Kennison does not apply his general result to the class A of unital commutative lattice ordered groups or MV-algebras R with the subclass Σ of totally ordered ones. I am sure that in these cases the limit closure of Σ is all of A, which explains that in these cases one has representations of R by the global sections of a sheaf of totally ordered groups (MV-algebras) over the spectrum with the co-Zariski topology.
Applications of sheaf representations
• Which sheaf representation theorem published during the past 20 years has been used for purposes outside of sheaf representations?
Please keep in mind that the above reflects my personal experience and knowledge. There must be omissions. I have not touched to questions concerning intuitionistic logic, toposes etc. But I am willing to include any helpful comment. The bibliographical items have not been selected systematically.
